Channel estimation is of critical importance in millimeter-wave (mmWave) multiple-input multipleoutput (MIMO) systems. Due to the use of large antenna arrays, low-complexity mmWave specific channel estimation algorithms are required. In this paper, an auxiliary beam pair design is proposed to provide high-resolution estimates of the channel's angle-of-departure (AoD) and angle-of-arrival (AoA) for mmWave MIMO systems. By performing an amplitude comparison with respect to each auxiliary beam pair, a set of ratio measures that characterize the channel's AoD and AoA are obtained by the receiver. Either the best ratio measure or the estimated AoD is quantized and fed back to the transmitter via a feedback channel. The proposed technique can be incorporated into control channel design to minimize initial access delay. Though the design principles are derived assuming a high-power regime, evaluation under more realistic assumption shows that by employing the proposed method, good angle estimation performance is achieved under various signal-to-noise ratio levels and channel conditions.
I. INTRODUCTION
The millimeter-wave (mmWave) band holds promise for providing high data rates in wireless local area network [2] and fifth generation (5G) cellular network [3] - [5] . The small carrier wavelengths at mmWave frequencies enable synthesis of compact antenna arrays, providing large beamforming gains to enable favorable received signal power [6] . Having a large number of antenna arrays, however, makes it difficult to employ fully digital multiple-input multipleoutput (MIMO) techniques using one radio frequency (RF) chain per antenna. Instead, hybrid analog and digital precoding has become a means of exploiting both beamforming and spatial multiplexing gains in hardware constrained mmWave cellular systems [7] - [12] .
Channel knowledge is critical to exploit the full benefit of MIMO techniques in mmWave cellular systems. Classical channel estimation techniques developed for lower-frequency MIMO systems, however, are not applicable for mmWave MIMO due to the use of large antenna arrays, hybrid precoding, and the sparsity of mmWave channels [4] . MmWave specific channel estimation techniques have been proposed in [13] - [23] . In [13] , algorithms that exploit channel sparsity were developed to leverage compressed sensing to perform channel estimation. In [14] , temporal channel correlations were exploited to develop low-complexity compressed sensing algorithms to estimate the channel's coefficients by leveraging the angular domain sparsity of the mmWave channels. In [15] , the least square estimation and sparse message passing algorithm were jointly employed in an iterative manner to detect and recover the non-zero entries of the sparse mmWave
channels. An open-loop channel estimation strategy was proposed in [16] , [17] , in which the estimation algorithm was independent of the hardware constraints and applied to either phase shifter or switching networks. The proposed algorithms in [16] , [17] also exploited the angular sparsity of the mmWave channels and incorporated the hybrid architecture. In [18] , compressed measurements obtained from the mmWave channels were exploited to estimate the second order statistics of the channel to enable adaptive multi-user hybrid precoding. In [19] , a support (the index set of non-zero entries in a sparse vector) detection-based channel estimation algorithm was developed for mmWave systems with lens antennas. By determining the supports of all channel components in a successive cancellation fashion, the non-zero channel entries were estimated. The estimation performance of the proposed algorithm in [19] , however, was subject to the estimation error propagation. In [20] , a minimum-mean-squared-error (MMSE) hybrid analog and digital channel estimator was developed without exploiting channel sparsity and directional beamforming. In [21] , a grid-of-beams (GoB) based approach was proposed to obtain the channel's angle-of-departure (AoD) and angle-of-arrival (AoA). Via exhaustive or sequential search, the best combinations of analog transmit and receive beams, which characterize channel's AoD and AoA, were obtained. A large amount of training is required though, which may be computationally prohibitive and also a source of overhead. Similar ideas of forming beams grids were also investigated in [22] , [23] , though these two papers mainly focused on the hierarchical beam codebook design. Only quantized angle estimation with limited resolution can be achieved via the compressed sensing [13] - [19] and grid-of-beams [21] - [23] based methods. With a small codebook, the resolution of angle estimation becomes low.
Many high resolution subspace based angle estimation algorithms such as MUSIC [24] , ESPRIT [25] and their variants [26] have been of great research interest to the array processing community for decades. Their applications to massive MIMO or full-dimension MIMO to estimate the two-dimensional angles were extensively investigated in [27] - [31] . For the mmWave frequency band, the MUSIC algorithm was employed for initial user discovery in [32] by exploiting mmWave channels' sparsity via directional beamforming. A relatively large number of snap-shots (samples) are required in the subspace based angle estimation algorithms employed in [27] - [32] to obtain accurate received signal covariance matrix, which in turn, results in high training overhead. Further, it is difficult to directly extend the MUSIC and ESPRIT-type estimators to mmWave systems with the hybrid architecture. This is because with the hybrid architecture, only a reduced-dimension channel matrix can be accessed through the lens of a limited number of RF chains, which makes the estimation of the full MIMO channel difficult.
In this paper, we develop an algorithm for estimating the channel's AoD and AoA through auxiliary beam pair (ABP) design with high accuracy and low training overhead. Pairs of beams were previously employed in monopulse radar systems to improve the estimation accuracy of the direction of arrival [33] - [37] . In amplitude monopulse radar, a sum beam and a difference beam form a pair such that the difference beam steers a null at the boresight angle of the sum beam. By comparing the relative amplitude of the pulse in the pair of two beams, the direction of the object can be determined with accuracy dependent on the received signal-tonoise ratio (SNR). In our previous work [1] , the idea of beam pair design was exploited to estimate mmWave communications channels. The proposed approach, however, can only estimate the AoD of a single-path channel assuming omni-directional receive antenna. In this paper, we consider implementing the well structured beam pairs to help acquire high-resolution AoD and AoA estimates under various channel conditions. The main contributions of the paper are:
• Joint AoD and AoA estimation via auxiliary beam pair design. Both the transmitter and receiver form custom designed analog auxiliary beam pairs to cover given angular ranges.
By performing amplitude comparison on the transmit auxiliary beam pairs, a set of ratio measures that characterize the AoD are obtained by the receiver. Similarly, by conducting amplitude comparison on the receive auxiliary beam pairs, the AoA is also estimated at the receiver. Detailed auxiliary beam pair design procedures for both single-path and multi-path channels are illustrated.
• Quantization and feedback options. The receiver can either quantize the ratio measure that characterizes the AoD or the estimated transmit spatial frequency. We show that quantizing the ratio measure gives better quantization performance than quantizing the estimated transmit spatial frequency, although the difference is marginal.
• Multi-path estimation using multiple RF chains. Building on the single-path solution, we propose an algorithm for multi-path AoD and AoA estimation employing multiple transmit and receive RF chains. The associated auxiliary beam pair based channel probing matrix is specifically designed for multi-path estimation.
The numerical results show that the proposed algorithm is capable of providing high-resolution AoD and AoA estimation under various SNR levels and channel conditions. The rest of this paper is organized as follows. Section II describes the system model along with a brief discussion on the problem formulation. Section III specifies the design principles of the proposed auxiliary beam pair in estimating both single-path and multi-path channels, and the key differences from the beam pair design in monopulse radar systems. The applications of the proposed design approach to control channel beamforming and multi-user scenario are demonstrated in Section IV, and Section V shows numerical results to validate the effectiveness of the proposed technique. Conclusions are drawn in Section VI.
Notations: A is a matrix; a is a vector; a is a scalar; (·)
T and (·) 
II. SYSTEM MODEL AND ASSUMPTIONS
We consider a narrowband MIMO system with a hybrid precoded transceiver structure as shown in Fig. 1 
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(b) shared-array antenna architectures [38] . Note that the proposed approach in Section III can be applied to sub-array antenna architecture, with some modifications. As can be seen from Fig. 1 , in a shared-array architecture, all antenna elements are jointly controlled by all RF chains sharing the same network of phase shifters. Denote by
of symbols received across the receive antennas after analog and baseband combining,
where n ∼ CN (0 Mtot , σ 2 I Mtot ) is a noise vector, σ 2 = 1/γ, and γ represents the target SNR.
F RF is the N tot × N RF analog precoding matrix at the transmitter. As the analog precoder is implemented using analog phase shifters, narrowband MIMO channel. In this paper, we employ a ray-cluster based spatial channel model which was previously studied in [39] . Denote by g , φ and θ the complex path gain, AoA and AoD of path-, N p the total number of paths in the channel, and a r (·) and a t (·) the array response vectors for the receive and transmit antenna arrays. The narrowband channel is therefore represented as
In this paper, a uniform linear array (ULA) is employed at both the transmitter and receiver to explain the key idea of auxiliary beam pair design. The proposed design approach in Section III can be extended to uniform planar arrays, but this is beyond the scope of our work. Denote by λ the wavelength corresponding to the operating carrier frequency, and d t the inter-element distance of the transmit antenna elements, we have
Similarly, assuming d r as the inter-element distance between the receive antenna elements,
The channel model in (2) can be further expressed as
a r (φ Np ) contain the transmit and receive array response vectors.
III. AUXILIARY BEAM PAIR BASED CHANNEL ESTIMATION
In this section, the basic design principles for using an auxiliary beam pair to estimate the AoD and AoA in both single-path and multi-path channels are described.
A. Single-path AoD/AoA estimation
The single-path channel is expressed as To estimate the transmit spatial frequency µ, for a given analog receive beam, say, a r (η m + δ r ) and a t (ν n − δ t ) in the n-th transmit auxiliary beam pair, the received signal is derived as
Assume that µ is within the half-power beamwidth of a t (ν n − δ t ). The corresponding received signal strength can therefore be calculated as (assuming |x 1 | 2 = 1 because of the single RF assumption)
The equality in (7) is achieved if a r (η m + δ r ) = a r (ψ). To approach a r (η m + δ r ) = a r (ψ),
i.e., to minimize the gap with the upper bound in (7), the receiver calculates the received signal strength for every combination between analog transmit and receive beams. The analog receive beam that yields the highest received signal strength is then used in (5). Because µ is within the half-power beamwidth of a t (ν n − δ t ), by assuming large
results in the approximation in (8) . In this paper, we employ (8) to derive the following results and denote by χ
. Similarly, using a t (ν n + δ t ) in the n-th transmit auxiliary beam pair, the received signal after combining with a r (η m + δ r ) is
The corresponding received signal strength can be calculated as χ (8) and the definition of χ ∆ n , by assuming that µ is within the half-power beamwidth of a t (ν n + δ t ), we can obtain χ
where (10) is obtained via
. The ratio metric ζ AoD n is defined as
9
It can be seen from the last equality in (11) that ζ AoD n ∈ [−1, 1]. As the beam pattern designed in this paper is different from that in the monopulse radar systems, the following lemma is presented to illustrate the monotonicity of the ratio metric for a given interval.
Lemma 1.
If |µ − ν n | < δ t , i.e., the transmit spatial frequency µ is within the range of
AoD n is a monotonically decreasing function of µ − ν n and invertible with
According to the definition of δ t , δ t ∈ [0, π], and sin(δ t ) ≥ 0.
. This leads to (12) being nonnegative for every z.
By using the ratio metric ζ
AoD n and based on Lemma 1, the estimated value of µ via the inverse function can therefore be derived aŝ
Note that if ζ AoD n is perfect, i.e., not impaired by noise, the transmit spatial frequency can be perfectly recovered, i.e., µ =μ n . The corresponding array response vector for the transmitter can then be constructed as a t (θ) with the estimated AoDθ = arcsin (λμ n /2πd t ).
So far, the estimation of single-path AoD is illustrated using the ratio metric calculated from the n-th auxiliary beam pair as |µ − ν n | < δ t is assumed. In practice, however, it is not possible to know which auxiliary beam pair covers the AoD a prior at either the transmitter or receiver. It is therefore necessary to form multiple auxiliary beam pairs to cover a given angular range and determine a performance metric that helps the receiver to identify the transmit auxiliary beam pair whose main probing range most likely covers the AoD. For all transmit auxiliary beam pairs with a given analog combining vector, a set of ratio metrics ζ
are determined according to (11) . If the receiver does not have any knowledge of ν n 's and δ t , it can select the ratio metric that characterizes the AoD the best using the following lemma.
Lemma 2. If |µ − ν n | < δ t , i.e., the transmit spatial frequency µ is within the main probing range of the n-th auxiliary beam pair, and |µ
for a given analog receive combining vector assuming no noise. Similarly, if |µ − ν n | < δ t and
for a given analog receive combining vector assuming no noise.
Proof. Assume |µ − (ν n − δ t )| ≤ |µ − (ν n + δ t )|. As |µ − ν n | < δ t , µ is within the half-power beamwidth of a t (ν n − δ t ) because δ t is set as half of the half-power beamwidth for the given antenna array. Denote by
we have χ
χ max , χ max and χ
χ max only occurs when µ = ν n . According to the design principle of the auxiliary beam pairs, the main probing ranges of auxiliary beam pairs are disjoint. We therefore have χ
Lemma 2 implies that if the beam with the highest received signal strength is selected, the probing range of the corresponding auxiliary beam pair covers the transmit spatial frequency to be estimated. To choose the paired beam with respect to the beam selected using Lemma 2, the received signal strengths of its two adjacent beams are tested. The adjacent beam with the highest received signal strength among the two is then selected.
To estimate the receive spatial frequency ψ, the ratio metric can be similarly computed as
If
AoA m is invertible with respect to ψ − η m , and the estimated value of ψ via the inverse function can be obtained aŝ
The corresponding receive array response vector can be constructed as a r (φ) with the estimated AoAφ = arcsin λψ m /2πd r . According to (17) and (18), for all receive auxiliary beam pairs with a given transmit beamforming vector, a set of ratio metrics ζ The receive spatial frequency, and therefore, the AoA estimated from the receive auxiliary beam pair determined using Lemma 2 is then selected.
If multiple paths exist in the propagation channel, the proposed algorithm would estimate the dominant path's AoD and AoA with the highest path gain with high probability. Consider a t (ν n − δ t ) and a r (η m + δ r ), (5) can be rewritten aś
where α = g √ N tot M tot . In the absence of noise, the corresponding received signal strength is calculated asχ
a.s.
Assuming µ ∈ (ν n − δ t , ν n + δ t ) and ψ ∈ (η m − δ r , η m + δ r ), as mmWave channels generally exhibit sparse structure in the angular domain such that the number of multi-path components is limited with relatively small angular spreads [40] , [41] , by jointly employing directional transmit beamforming and receive combining with N tot M tot → ∞, the last three terms, in particular, the sum terms in (20) converge to zeros, and (21) α , the dominant path can be identified almost surely (a.s.) via simple power comparison [42] . In the proposed method, a total number of (N K + 1)
attempts are required by the receiver to simultaneously estimate the single-path AoD and AoA.
Exploiting the proposed algorithm to estimate the multi-path components with multiple RF chains is described in Section III-E. 1, e j(η+δr) , · · · , e j(Mtot−1)(η+δr) T . The beam pattern design for the monopulse radar is provided in Fig. 3(b) . In monopulse radar, the beam pair comprises a sum beam and a difference beam, denoted by a r (η) andā r (η). The sum beam a r (η) also exhibits the same structure as the array response vector for the linear array, and steers towards η. Hence,
The difference beam, however, exhibits a different structure from the array response vector for the linear array, and is constructed as
As can be seen from (23) and Fig. 3(b) , the difference beamā r (η) steers a null towards the boresight of the corresponding sum beam a r (η). The two beamsā r (η) and a r (η) in Fig. 3(b) can actually be visualized as a single beam with two large sidelobes such that each sidelobe is half of the power of the main lobe. Hence, while the proposed auxiliary beam pair design can simply rely on the well-defined Fourier transform (DFT)-type beam codebooks [21] , the monopulse radar approach needs new beam codebooks due to the special structure of the beam patterns of difference beams, which may require extensive implementation efforts.
2) Estimation overhead: : In monopulse radar, due to the special beam pair structure, the angular coverage provided by a given beam pair is approximately the half-power beamwidth of the corresponding sum beam. This is because the difference beam is only used in assisting the sum beam to perform the angle estimation, not providing angular coverage. In the proposed auxiliary beam pair design, however, all auxiliary beams are used to cover a given angular range.
For the same number of antennas, the number of required sum beams in the monopulse design is approximately the same as the total number of beams used in the auxiliary beam pair design. As each sum beam is associated with a distinct difference beam, the estimation overhead required by the monopulse beam pair design almost doubles that of the proposed approach.
C. Quantization and feedback options
In a closed-loop system, the receiver can either quantize the ratio metric that characterizes the AoD or the estimated transmit spatial frequency, which will lead to different levels of angular resolution. Denote by U and V the codebooks for quantizing the ratio metric and the estimated transmit spatial frequency. The design of U is intricate as the ratio metric is a non-linear operation on µ, ν n 's and δ t . One example showing the density distribution of the ratio metric is provided in the same setup as in Fig. 4(a) ). The receiver, however, requires the knowledge of ν n 's and δ t to estimate the transmit spatial frequency, which is unknown to the receiver. As ν n 's and δ t are parameters to form analog transmit beamforming vectors, they can be periodically broadcasted from the transmitter.
Though the codebook design for quantizing the ratio metric is relatively complicated, more design degrees of freedom can be offered for optimizing U than those for optimizing V, of which . Here, the MSE of quantization is defined as E |υ est − υ quan | 2 , where υ est represents the estimated ratio metric or transmit spatial frequency, and υ quan is the quantized version of the corresponding estimated ratio metric or transmit spatial frequency. It is observed from Fig. 4 (c) that quantizing the estimated ratio metric yields better quantization performance than quantizing the estimated transmit spatial frequency. This, however, does not mean that the ratio metric quantization gives better AoD estimation performance than the transmit spatial frequency quantization. This is because the quantized transmit spatial frequency can be directly applied by the transmitter but the quantized ratio metric has to be converted to the transmit spatial frequency first according to (13) .
In Fig. 4(d) , the MSE performance of angle estimation is examined with different quantization bits for both the ratio metric quantization and transmit spatial frequency quantization. The transmitter setup is the same as in Fig. 4(c) while the receiver now employs M tot = 8 antennas with δ r = π/16. The SNR is set to −10dB. For the ratio metric quantization, the quantized ratio metric is first converted to the transmit spatial frequency according to (13) , and then transformed to the estimated AoD in radian. Regarding the transmit spatial frequency quantization, the quantized transmit spatial frequency is directly transformed to the estimated AoD in radian. From Fig. 4(d) , it can be observed that the angle estimation performance between the two quantization approaches is similar for different numbers of quantization bits. Further, with relatively high quantization resolution (e.g., 6 quantization bits), the angle estimation performance of the two quantization methods approaches that without quantization.
Since quantizing the transmit spatial frequency requires additional signaling support from the transmitter, we assume that the ratio measure is quantized and fed back to the transmitter.
D. Performance analysis of single-path's/dominant path's angle estimation
In this subsection, we derive the variance of single-path's/dominant path's angle estimate using the proposed auxiliary beam pair design.
Assume that the transmit spatial frequency µ falls in the boresight of one of the beams in the n-th auxiliary beam pair, i.e., a t (ν n + δ t ) = a t (µ), and the receive spatial frequency satisfies |ψ − η m | < δ r . To derive the following lemma that characterizes the receive spatial frequency estimation performance of the proposed approach, ψ = 0 is assumed.
Lemma 3. In a single-path channel, the variance of receive spatial frequency estimate, i.e., E ψ 2 , using the proposed auxiliary beam pair design is approximated as
where
Proof. See Appendix.
For a multi-path channel, assume that the dominant path's transmit spatial frequency µ ( ∈ {1, · · · , N p }) is identical to the boresight of one of the beams in the n-th auxiliary beam pair, i.e., a t (ν n + δ t ) = a t (µ ). The corresponding receive spatial frequency satisfies |ψ − η m | < δ r .
Assuming ψ = 0, the following corollary characterizes the dominant path's receive spatial frequency estimation performance. Corollary 1. For a given multi-path channel, the variance of dominant path's receive spatial frequency estimate, i.e., E ψ 2 , using the proposed auxiliary beam pair design is approximated as
, and
The approximated result in Corollary 1 is obtained by treating N Σ in (43) as the multi-path interference plus noise power of the sum channel output, which is computed as
In Fig. 5(a) , the numerical result of the variance of receive spatial frequency estimate using the auxiliary beam pair design is provided along with the analytical result given in (24) . A single-path channel is employed in the simulation with M tot = 4, N tot = 8 and δ r = π/8. Denote by N T and M T the total numbers of probings performed by the transmitter and receiver.
Denote by
the codebooks of analog transmit and receive steering vectors. The analog transmit and receive probing matrices are constructed by concatenating all successively probed analog transmit precoding and receive combining matrices. For instance, denote by F T and W T the analog transmit and receive probing matrices, we have
, where F nt ∈ C Ntot×N RF represents the n t -th probing formed by the transmitter, W mt ∈ C Mtot×M RF is the m t -th probing at the receiver. Each column in F nt and W mt is randomly chosen from F T and W T . The reason for simultaneously steering the transmit and receive beams towards random directions other than successive or predefined directions will be elaborated on later. The transmit and receive probings are conducted in a TDM manner. That is, for a given probing at the receiver, e.g., W mt , N T consecutive probings F 1 , · · · , F N T are performed at the transmitter. This process iterates until all M T probings have been executed by the receiver. As each beam in F T is associated with a distinct beam ID, the receiver can identify a specific beam in F T , and therefore, a specific transmit auxiliary beam pair.
Assume that µ ∈ (ν n − δ t , ν n + δ t ) and ψ ∈ (η m − δ r , η m + δ r ) for a given ∈ {1, · · · , N p } where N p is the total number of paths. To estimate path-'s transmit spatial frequency µ , consider a given probing at the receiver, e.g., W mt , the resultant matrix by concatenating the N T N RF transmit beamforming vectors in the absence of noise is obtained as
where X is a diagonal matrix carrying N T N RF training symbols on its diagonal. For simplicity, we set X = I N T N RF . By detecting the beam ID, the receiver is able to locate a specific transmit
Consider path-and a t (ν n − δ t ), we have
where 
Using the asymptotic results to estimate µ , the ratio metric is calculated as
According to Lemma 2 and µ ∈ (ν n − δ t , ν n + δ t ), χ Upon receiving the feedback information, the transmitter estimates µ via (similar to (18))
The corresponding transmit array response vector can be constructed as a t (θ ) withθ = arcsin (λμ n, /2πd t ). The above process is conducted with respect to each path , and finally,
is constructed accounting for all estimated AoDs.
To estimate path-'s AoA ψ , a given probing at the transmitter F nt is considered by concatenating all M T receive probings in the absence of noise, i.e.,
where Y nt has dimension of M T M RF ×N RF , and X = I N RF . Different from the AoD estimation, the receiver has full knowledge of the position of a specific receive auxiliary beam pair in
corresponding ratio metric can therefore be computed as
assuming N tot M tot → ∞. The associated receive spatial frequency is estimated aŝ
The corresponding receive array response vector can be constructed as a r (φ ) withφ = arcsin λψ m, /2πd r . Finally, the receive array response matrix is constructed asÂ r = a r (φ 1 ), · · · , a r (φ Np ) accounting for all estimated AoAs.
In the absence of noise, the estimation performance of the proposed algorithm is only subject to the multi-path interference (see e.g., the second term in (28)). By leveraging the high-power regime and channel sparsity, the multi-path interference can be minimized, and the corresponding ratio metric in (29) (or (33)) is independent of the analog receive (or transmit) probing. If the noise impairment is accounted for, (27) and (32) become to
where P (Q) is an M RF ×N T N RF (N T M RF ×N RF ) noise matrix given by concatenating N T N RF (N RF ) noise vectors. To estimate multi-path's AoD and AoA using (35) and (36), the receive and transmit probing matrices W m t and F n t that satisfy m t = argmax (35) and (36), the resulted Y m t and Y n t are then employed in (29) and (33) to determine the ratio metrics.
To efficiently execute this selection process, the steering angles of simultaneously probed beams should match the distribution of AoD/AoA, which are unknown to the transmitter and receiver in prior, as much as possible. Therefore, with finite N T and M T , the analog beams in one probing matrix are steered to random angular directions in this paper. Using multiple transmit and receive RF chains, the number of attempts of the proposed algorithm then becomes to
The pseudo-code of the proposed auxiliary beam pair enabled multi-path AoD estimation is provided in Algorithm 1.
IV. APPLICATIONS OF AUXILIARY BEAM PAIR DESIGN IN MMWAVE CELLULAR SYSTEMS
Potential deployment scenarios of the proposed design approach in mmWave cellular systems are addressed in this section, including control channel beamforming and extension to the multiuser scenario.
A. Analog-only beamforming for control channel To achieve sufficiently high received signal quality, we believe that the control channel will be beamformed in mmWave cellular systems. We classify the control channel as system-specific, cell-specific and user-specific control channel due to their different purposes and link-budget requirements. For instance, the system-specific control channel carries basic network information such as operating carrier frequency, bandwidth, and etc., which needs a wide coverage. The cellspecific control channel conveys the signals that help the user equipment (UE) to discover, synchronize and access the cell, which requires not only a certain level of coverage, but also 
Find the best receive combining matrix
end For relatively high received signal strength. For user-specific control channel, which embeds reference signals for channel information acquisition for a specific UE, pencil beams are employed to ensure high received signal quality. A multi-layer structure is proposed in this paper for control channel beamforming such that analog transmit beams in different layers are associated with different types of control channel. In Fig. 6 , examples of the multi-layer control channel beamforming are presented. Layer-1, 2 and 3 transmit system-specific, cell-specific and userspecific control channels using coarse and fine-grained beams.
One example of a grid-of-beams based multi-layer control channel beamforming design is provided in Fig. 6(a) . As the grid-of-beams based approach is not able to provide high-resolution estimates of channel's AoD and AoA, each UE in a given layer searches over all analog transmit beams within the probing range of interest, and selects the one with the highest received signal strength. Using the example shown in Fig. 6(a) , the total number of attempts for a given UE to finally select the user-specific control channel beam is 2 + 4 + 4 = 10. given UE to finally select the user-specific control channel beam becomes to 2 + 2 + 2 = 6. In contrast to the grid-of-beams based approach, the beam finding overhead is reduced by 40%.
B. Extension to multi-user scenario
In previous sections, the proposed AoD/AoA estimation algorithm is specifically illustrated for a single-user scenario. Extension of the proposed approach to a multi-user setup is discussed in this part as this application scenario is important for practical cellular systems.
Assume perfect synchronization between the BS and UEs, the algorithms proposed for the single-user case can be directly extended to the multi-user scenario with appropriate frame structure design that can better support the communications between the BS and UEs through auxiliary beam pairs. A probing frame is therefore defined which includes a predetermined number of probing slots. We therefore have ϑ 3dB approximated as 102 • /N ant [43] . We set δ ϑ 3dB to ensure seamless coverage. For instance, for N ant = 4, the codebook size is 180
In Fig. 7(a) , the spectral efficiency performance of analog-only beamforming and combining is The corresponding MSE performance of AoD and AoA estimation is plotted in Fig. 8(a) under multi-path channel condition and 10dB SNR. In this example, a Rician channel model is assumed, with various Rician K-factor values, In Figs. 7 and 8, the performance of the proposed design approach is evaluated assuming relatively small numbers of transmit and receive antennas, and a wide range of target SNRs.
The mmWave systems, however, are expected to deploy a large number of antennas to provide sufficient link margin via directional beamforming. In Fig. 9(a) , the mean angle estimation error (MAEE) performance is evaluated for the proposed algorithm using different numbers of transmit antennas in the single-path channel. Here, the MAEE is defined as
where υ true represents the exact angle in degree, and υ est is its estimated counterpart in degree.
From Fig. 9(a) , it can be observed that with an increase in the number of transmit antennas, the MAEE is reduced for both −10dB and −30dB SNRs. For large N tot M tot , e.g., 128 × 8 in this example, the MAEE is close to 0 • for different SNR levels. The estimation performance improvements, however, are brought by increased estimation overhead. In Fig. 9(b) , the trade-off performance between the estimation overhead in terms of the total number of iterations between the transmitter and receiver, and the angle estimation performance determined by δ is evaluated.
For instance, δ = 11.25
• corresponds to N ant = 8, and eight beams are formed to cover the 180 • angular range. That is, for δ t = δ r = 11.25
• , the total number of iterations are calculated as 8 × 8 = 64, and the MAEE performance is obtained by setting N tot = M tot = 8 for a given target SNR (as shown in Fig. 9(a) ). From the link-level evaluation results shown in Fig. 9(b) , it can be concluded that due to the existence of the performance trade-off, appropriate δ can be determined for a given number of iterations between the transmitter and receiver.
In Fig. 10(a) , multi-stream transmission via hybrid analog and digital precoding is depicted in terms of the spectral efficiency. The channel model described in (2) with N p = min(N RF , M RF )
is employed, in which the AoD and AoA are assumed to take continuous values, i.e., not quantized, and are uniformly distributed in [−π/2, π/2]. The digital baseband precoder is selected from either 2 × 2 or 4 × 4 codebook employed in the LTE standard [45] . The total number of successive probings at the transmitter and receiver are set to be N T = 30 and M T = 20. It is observed from Fig. 10 (a) that using the proposed approach to estimate multi-path components, the resulting spectral efficiency performance is almost identical to the optimal digital precoding and combining assuming perfect channel knowledge at relatively low SNR regime. The associated effective channel gain of hybrid MIMO is plotted in Fig. 10 similar observations are obtained to Fig. 8(b) .
In Fig. 11 , the MSE performance of transmit array response matrix estimation is evaluated using the proposed design approach, adaptive compressed sensing (CS) technology developed in [13] and modified grid-of-beams (GoB) based approach in [21] using the proposed probing strategy in section III-E. The performance metric is defined as E [tr (Γ * Γ)], where Γ = A t −Â t , andÂ t contains the estimated transmit array response vectors. Here, N p = N RF = M RF = 3. The total number of training steps Ω tr defined in [13] is interpreted as the total number of probings in the proposed approach and modified GoB. For fair comparison, we set Ω tr = 96, 196 and 400.
These correspond to N T × M T = 12 × 8, 14 × 14 and 20 × 20. From Fig. 11 , it is observed that with M tot = 4, the adaptive CS approach exhibits better MSE performance than the proposed approach. The reason is that with relatively small set of candidate receive combining vectors and M T , the proposed approach is not able to provide sufficient receive array gain to achieve high-resolution angle estimate. With an increase in the number of receive antennas and total number of probings, however, the proposed design approach outperforms the adaptive CS and GoB based methods. The reason is that the performance of the adaptive CS and GoB is limited by the codebook resolution, while the proposed approach is able to provide super-resolution AoD estimate as long as multi-path components can be resolved. It can also be observed from 
APPENDIX
Proof of Lemma 3
For a given analog transmit beam a t (ν n + δ t ), the received signals after analog combining with a r (η m − δ r ) and a r (η m + δ r ) are given as v ∆ n,m = αa * r (η m − δ r )a r (ψ)a * t (µ)a t (ν n − δ t )x 1 + a * r (η m − δ r )n,
v Σ n,m = αa * r (η m + δ r )a r (ψ)a * t (µ)a t (ν n + δ t )x 1 + a * r (η m + δ r )n.
Assume a t (ν n + δ t ) = a t (µ), the corresponding received signal strength of combining with a r (η m − δ r ) is calculated as
= |α| 
